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Chapter 8: Fields, Section 1: The Galois Group of a
Polynomial

1.

Solution. [F4 : Fo] = 2, so it immediately follows that |Gal(F4/F2)| = 2,
which implies the result. O

. Solution. Fys = Zy[z]/ (x> + x +1). The generator for the multiplicative

group is x + <:E3 +z+ 1> := u. The basis for Fo3 is {1,u, u2}.

This Galois group is generated by the Frobenius automorphism ¢ : = —
2P = 2. So the Galois group consists of the automorphisms.

bz, gPix—at, idize o O

. Verified by direct computation.
. Solution provided in book.

. Solution. The splitting field for 3 — 1 is Q(w), where w = 3. We have

[Q(w) : Q] = 2, since we need to adjoin the roots of the polynomial 22 +2z+1.
Therefore |Gal(Q(w)/Q)| = 2, implying the result. O

. Solution. The splitting field for (22 — 2)(x2 4 2) is Q(v/2,vV/—2). We see

that
[Q(V2,v-2): Q] = [Q(V2,V-2) : Q(V2)] - [Q(v2) : Q] = 4.

We have to find automorphisms that map roots to roots. We readily find
V2 = £v2, V=2 — +/=2, yielding 4 automorphisms with order 2. This
precisely defines Zs X Zo. O

Solution. To find the splitting field, we note that

Therefore the splitting field is Q(ei?) = Q(l—jg) = Q(i,v/2), which has

degree 4 in Q. Again, we can map roots to roots by vi — +v/i and
v —i — ++/—i. So all 4 automorphisms have degree 2, defining Zy X Zs. [

. Let f(z) =23 —2.

a) f(3)=0,s0 f(x) = (x — 3)(2? + 3z + 4). We can check that this has
no roots, so it is irreducible. So the splitting field has degree 2 in Fs,
and the Galois group is .

b) We can check that no roots satisfy f(z). So the splitting field has
degree 3 in [F7 for some element «, and the Galois group is .
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c¢) Note that f(—4) = —66 = 0. So f(z) = (z + 4)(z% — 4z + 5). We can
check that 22 — 4z + 5 is irreducible, the Galois group is .

9. Solution. Let f(z) = x* — 1. We see that f(1) = 0, f(—1) = 0, so
f(@)=(z—1)(x+1)(z2 +1). (% +1) is irreducible, so the Galois group
is . O

10. Proof. Let ¢ : E — F be an isomorphism. Let

®:Gal(E/K) — Gal(F/K), T+ ¢oTog¢

For any automorphism 7 : E — E € Gal(E/K), we have goto¢p™ ! : F — F
is an automorphism as well (since it is composed of isomorphisms). Clearly,
this composition also fixes K. Therefore ¢ o 70 ¢! € Gal(F/K).

To show ® is injective, let poTi 0™ = pomop~t. Then

¢ lo(poriop Hogp=¢ Y opomop oo

T = T9.

For ® to be surjective, for any 7 € Gal(F/K), we can take ¢ tomog: E —
E to get an automorphism of E that clearly fixes K. So ® is bijective. [

E-%yF

O Q
Gal(E/K) —2% Gal(F/K)

If I’'ve made any errors or you have any other comments on these solutions,
message me on Mathstodon.

Notation

e I write the Galois Field GF(p") as Fyn.
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